
Chapter 15 Material

Solutions to the problems of Chapter 15 are presented. Following the solution to
Problem 15.7, a general discussion of P.I.E. and the Four Slices (and how it compares
to Porter’s Five Forces) is provided. And following this is a discussion of alternative
and more general proofs of the (allocative) efficiency of competitive markets.

15.1 The first step is to draw the picture of supply equals demand. See
Figure S15.1. The market equilibrium is where

S(p) = 1000(p� 4) = 3000(20� p) = D(p),

or p�4 = 3(20�p) , or p�4 = 60�3p , or 4p = 64, or p = 16. This corresponds
to a quantity of 1000(16 � 4) = 12,000. Therefore, consumer surplus is the
area of a right triangle whose height is 20�16 = 4 andwhose base is 12,000,
which is $24,000. And producer surplus is the area of a right triangle whose
height is 16� 4 = 12 and whose base is 12,000, or $72,000.
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Figure S15.1. Solving Problem 15.1. Supply and demand are plotted and con-
sumer and producer surpluses are the areas of the triangles indicated.

15.2 The first step is to draw the supply-equals-demand picture for this
economy. This is shown in Figure S15.2(a). Now we are assuming that all
fixed costs are avoidable, so the four more efficient firms begin to supply
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when price reaches their minimum average cost. We get this in the usual
fashion: Find efficient scale by setting

50
x
+ 1 + 0.04x = 1 + 0.08x or x2 = 50

0.04 ,

which gives x = 35.355339. Minimum average cost is then 1 + 0.08 ⇥
35.355339 = $3.8284. Each firm supplies its efficient scale at that price,
for a total supply of 141.42. Thereafter, these four firms supply along their
marginal cost curves. When theprice reaches$7, there is (potentially) infinite
supply from the long line of less efficient firms. Demand is obvious, and we
get the equilibrium: 600 units in total; 300 coming from the 4 more efficient
firms, or 75 units apiece, for a net profit of $175 each, or $700 total; 300 units
from six of the less efficient firms, each of whom produces at efficient scale
(for them) of 50, each making 0 profit.
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(a) Supply equals demand

(b) Consumer and producer surplus

Figure S15.2. Problem 15.2.
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In Figure S15.2(b) we shade in consumer and producer surplus, in darker
and lighter shades, respectively. Consumer surplus is a right triangle with
a height of $3 and a base of 600 units, for a total consumer surplus of $900.
Producer surplus is a quadrilateral with height $3.1716 and two parallel
bases of 141.42 units and 300 units, for a total area of

3.1716⇥
✓
141.42 + 300

2

◆
= 3.1716⇥ 220.71 = $700.

Producer surplus is precisely the sum of the profits of the firms, because in
this instance supply is drawn assuming fixed costs can be avoided.

Suppose we had assumed that the four more efficient firms could not avoid
their fixed costs. Then their supplywould begin at their minimummarginal
cost, which is $1, and supply would look like the picture, except that supply
would extend down to 0 supplied at p = $1. Then producer surplus would
be the area of a right triangle with a height of $6 and a base of 300 units,
which is $900. This is the profits of the four firms, but nowgross of their fixed
costs of $50 apiece, since now the fixed costs are assumed to be unavoidable.

15.3 Figure S15.3 recaps the solution from Problem 14.7: Long-run supply
is flat, with as much quantity as needed at a price of $7. Hence, the initial
equilibriumiswhereprice is $7 andquantity is 600. Intermediate-run supply
is shown as a medium gray line, and short-run supply, the light gray line, is
vertical, fixed at 600 units. When demand shifts out,

• In the short run, the price rises to $9 and the quantity stays fixed at 600
units.

• In the intermediate run, the price falls to $8.14 and the quantity rises to
771.43 units.

• In the long run, the price falls back to $7 and the quantity rises to 1000
units.

Consumer surpluses are computed next:

• At theold equilibrium, the consumer surplus is the area of a right triangle
with height $3, from $7 to $10, and base 600 units, or $900.

• When demand shifts, the consumer surplus in the short run is the area
of a right triangle with height $3, from $9 to $12, and a base of 600 units,
or $900.

• In the intermediate run, the consumer surplus becomes the area of a right
triangle with height $3.86, from $8.14 to $12, and a base of 771.43 units,
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Figure S15.3. Problem 15.3: The big picture. This figure graphs the three supply
curves (from the status-quo, old equilibrium), the old demand function, and the
new demand function.

or $1488.86.

• Finally, in the long run, consumer surplus becomes the area of a right
trianglewith height $5, from $7 to $12, and a base of 1000 units, or $2500.

Some care is needed is in the computation of producer surplus. Let me
begin by computing the three producer-surplus figures for the original equi-
librium.

• The status-quo equilibrium price and quantity are 600 units and $7. The
short-run supply function is vertical (supply= 600 regardless of price), so
in the short-run, status-quo producer surplus is the area of the rectangle
in panel b of Figure S15.4, which is $7⇥ 600 = $4200.

• The intermediate-run supply function is the function S(p) = 150(p� 3).
So intermediate-run producer surplus is the area of the shaded triangle
in panel d of Figure C15.4, a right triangle with a base of 600 units and a
height of $4, for an area of (1/2)⇥ 600⇥ $4 = $1200.

• And the long-run supply function is flat at $7: There is no supply in the
long-run at any price less than $7, and as much supply as the market
demands at p = $7. So the “area” that is producer surplus is the area of
a line-segment of zero height and length 600; the area is $0, as is the area
of all line segments.

This seems to be saying that short-run producer surplus at the status quo
is larger than intermediate-run producer surplus, which is larger than long-
run producer surplus. But remember, producer surplus in any -run is the sum
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(a) Short-run PS after the demand shift (b) Short-run PS before the demand shift

(c) Intermediate-run PS after the demand shift (d) Intermediate-run PS before the demand shift

(e) Long-run PS after the demand shift (f) Long-run PS before the demand shift

Figure S15.4. Problem 15.3. Short-run, intermediate-run, and long-run producer
surpluses before and after a shift in demand. To find each run’s producer surplus
(PS) for a particular run, find the areas bounded by that run’s supply curve and
the equilibrium price, out to the equilibrium quantity. These are profits gross of
any fixed costs for the particular run. Panels a and b show the short-run producer
surpluses, after and before the demand shift; panels c and d show the pictures
for the intermediate run. Panels e and f are for the long run; since long-run supply
is horizontal, producer surplus is always zero.

of the firm’s profits plus any and all fixed costs that are unavoidable in that
-run.

• In the long-run, no fixed costs are unavoidable and, in this market with
free entry at the best available technology, it is of course true that $0 is
the sum of all the firms’ profits. This is panel f in Figure S15.4.

• In the intermediate run, firms can neither enter nor depart. Since there
are 12 firms and each firm has a fixed cost of 100, which they cannot avoid,
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unavoidable fixed costs are $1200. Intermediate-run producer surplus
is indeed the profit made by the 12 firms at the status quo (namely $0),
with unavoidable fixed costs of $1200 added back in.

• And in the short-run, the 12 firms can’t do anything at all except produce
at their status-quo levels. All their costs are fixed. That’s the $4200 figure
thatwearecallingshort-runproducersurplus: Note thateachfirmmakes
zeroprofit (netof its costs), and total revenues for the industryare $7⇥600
units, or $4200. Just as it should be.

Now we shift demand out. Panel a gives the short-run picture and, in
particular, the shaded area is short-run producer surplus. Panel c shows
intermediate-run producer surplus. And panel e shows (well, it sort of
shows) long-run producer surplus.

• In panel a, the shaded area is a rectangle with a base of 600 units and a
price of $9, for an area of $5400. This is the profits of the firms gross of
their fixed costs. And we find the net increase in their profits by subtracting
the shaded area in panel b from the shaded area in panel a. Since both of these
are profits gross of short-run fixed costs, when we subtract, the short-
run fixed costs cancel out. The net change in short-run profits is $5400 =
$4200 = $1200.

• In panel c, the shaded area is a right trianglewithwith height $5.14, from
$8.14 down to $3, and base 771.43 units, or $1982.57. This is profits gross
of intermediate-run fixed costs; and if we subtract off the triangle from
panel d, we cancel those out: the net change in profits in the intermediate
run is $1982.57 - $1200 = $782.57.

• Finally, in the long run, producer surplus after the shift in demand is
$0 (panel e, and there is no shaded area to look for here because the
appropriate “area” has zero height), whereas before the shift, long-run
producer surplus was $0. So, in the long run, producer profit changes
by $0.

Two comments, here: (1) Go back to page 348, and start re-reading from
start of that page. You don’t understand what this problem is telling you
until you reach an ”Aha!” moment concerning this problem, as in “Aha!
Producer surplus in any -run is profit plus any fixed costs that are avoidable
in that -run. But if you subtract X-run producer surplus before some change
in conditions from X-run producer surplus after the change, the difference
is the change in profits, since the subtraction cancels out those unavoidable
fixed costs.”
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And (2) In this sort of industry, when demand shifts out, firms do best (see
their profits rise the most) the less they can do to react to the shift. In the
short run, they can’t change supply, so price shoots up, and it is all windfall
profit for them. In the intermediate run, the firms lucky enough to be in the
industry start to produce more, driving down the price and, because they
are competing, driving down their windfall profits. And in the long run, as
more firms enter, everyone’s profits are driven down to zero, at least when
there is free entry at the best available technology.

15.4 See Figure S15.5. Note that another way to “see” gross profit is as
the rectangle formed from average revenue that gives total revenue (the
rectangle formedby theoriginand theprofit-maximizingprice andquantity)
less the area under the marginal cost function.

marginal cost

 average cost

average revenue = 
inverse demand
marginal revenue

quantity

$ per unit

(a) Net profit:  The shaded region is a rectangle with height 
equal to average revenue less average cost and with base 
equal to the profit-maximizing quantity.  This is the net profit.

(b) Gross profit:  One way to "see" gross profit is as the area 
between marginal revenue and marginal cost.  Note that in this 
case, this is the lightly shaded area, where MR exceeds MC, less 
the small darkly shaded triangle, where MC exceeds MR.

marginal cost

 average cost

average revenue = 
inverse demand
marginal revenue

quantity

$ per unit

Figure S15.5. Problem 15.4.

15.5 Inverse demand is given by P (x) = 20� x/3000, so marginal revenue
is given by MR(x) = 20 � x/1500. Marginal revenue equals marginal cost
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where

20� x

1500 = 4 +
x

1000 or 16 = 5x
3000 or x = 9600,

for a price of $16.80. (See Figure S15.6.)

• The consumer surplus is the area of a right triangle with height $3.20,
from $16.80 to $20, and base 9600 units, or $15,360. (Compare this with
consumer surplus of $24,000 in Problem 15.1.)

• The producer surplus is the area of a right quadrilateral, with base 9600
units, and parallel sides $12.80 (from $16.80 to $4) and $3.20 (from $16.80
to $13.60), or 9600(12.8 + 3.2)/2 = $76,800. (Compare this with producer
surplus of $72,000 from Problem 15.1.)

Although you weren’t asked to do this computation, note that total surplus
in Problem 15.1 was $96,000, while here it is $92,160, a difference of $3840.
This is the area of the deadweight loss triangle indicated in Figure 15.16: a
base of $3.20 and a height of 2400 units, for an area of $3840.

60003000 9000 12,000 quantity
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$12

$16
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$16.80

consumer surplus

producer 
surplus

deadweight loss

Figure S15.6. Solving Problem 15.5. Consumer surplus, producer surplus, and
the deadweight loss are as marked.

15.6 (a) If there were 20 million pairs of shoes available, consumer surplus
would be the area of a right triangle with height $80 (or whatever is the
currency) and base 20 million shoes, or $800 million. But with this rationing
scheme, andwith every consumer lucky enough to get a pair of shoeswearn-
ing them, only half the consumers get to enjoy this surplus. If the allocation
mechanism is random, the law of large numbers (or the law of averages)
suggests that a representative sample of consumerswill get shoes, represen-
tative in terms of how they value the shoes, so only $400 million (half of the
$800 million) in consumer surplus will be enjoyed.
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(b) Theblackmarket, if it functionswell, will get the 10million shoes onto the
feet of the consumers who value the shoes most highly—the black market
pricewill be $50 a pair. Money will change hands among consumers, but in terms
of consumer surplus, that will be a net wash. Total consumer surplus will be the
grossvalue indollars to consumersof thoseshoes—theareaof aquadrilateral
with a base of 10 million shoes and heights perpendicular to that base of $90
and $50, for an area of $700 million—less the cost of those shoes (paid to the
government producer) to consumers, which is $10 per pair times 10 million
pair, or $100 million. Net consumer surplus is therefore $600 million.

It may beworth thinking for amoment about how long the queueswill be at
the state shoe stores, if it is anticipated that there will be a well-functioning
black after-market. Consumers—speculators might be a better term—can
anticipate that the black-market price will exceed the $10 price in the state
shoe stores, even it they can’t predict an equilibrium price of $50. So even
consumer-speculators who have no personal use for a pair of shoes will
queue up at the state shoe stores, hoping to get a pair in anticipation of
reselling them and making a bit of money. And, needless to say, the sales-
persons in the state shoe stores may set aside a few dozen pairs for their
own use (as shoe speculators) or for the use of friends and family. So while
black markets may increase overall consumer surplus, the “costs” in terms
of accompanying corruption are significant. And insofar as such corruption
enters negatively into the utility functions of the populace, a broader defi-
nition of “the consumer surplus generated by shoes” could well temper the
notion that black markets are good for maximizing consumer surplus.

15.7 (a) If each firm has total cost function TC(x) = 4x + x2/200, then the
marginal cost function is MC(x) = 4 + x/100. Since the firms are perfectly
competitive, the supply function for each is obtained by solving

p = 4 + x/100,

giving individual supply function

s(p) = 100(p� 4)

for prices above 4. There are 25 such firms, so total supply is

S(p) = 2500(p� 4),
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and supply equals demand where

2500(p� 4) = 10,000(10� p) or 2500p� 10,000 = 100,000� 10,000p or

12,500p = 110,000 or p = $8.80.

Total supply at this point (which equals demand) is

10,000(10� 8.8) = 12,000.

See Figure S15.7(a). Consumer surplus is a triangle with base 12000 and
height $1.20, or area = consumer surplus = (1/2)(1.2)(12000) = $7200. Pro-
ducer surplus is a triangle with base 12,000 and height $4.80, or area = pro-
ducer surplus = (1/2)(4.8)(12,000) = $28,800. Note that each of the 25 firms
makes a profit of $28,800/25 = $1152.

(b)FollowalongonFigureS15.7(b). This $1 taxeffectively raises themarginal
cost of thefirmby$1perunit, to MC(y) = 5+y/100. Therefore, supply equals
demand where

2500(p� 5) = 10,000(10� p) or 12,500p = 112,500 or p = $9.

This reduces the amount supplied to 10,000(10 � 9) = 10,000 units. Con-
sumer surplus falls to

(1/2)(10,000)(1) = $5000,

and producer surplus falls to

(1/2)(4)(10,000) = $20,000,

or $800 per firm. In addition, the government collects $1 apiece on each of
10,000 units, for net revenues of $10,000.

(c) Note that the total surplus in part a is $28,800 + $7200 = $36,000, while
in part b total surplus is $20,000 + $5000+ $10,000 = $35,000. The tax results
in a $1000 loss in total surplus; firms lose $8800 of profit, consumers lose
$2200 worth of utility, and the government gets back only $10,000. The lost
$1000 of surplus can be seen in Figure S15.7(b), where the post-tax consumer
surplus, producer surplus, and government receipts from the tax are shaded
in successively lighter shades. Comparingwith the total surplus frombefore,
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(b) Post-tax equilibrium, consumer surplus, producer surplus, tax revenues,
    and the deadweight loss in surplus from the tax
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Figure S15.7. Equilibrium and surpluses before and after a tax.

what is missing is the little triangle that is heavily outlined. The surplus in
this triangle is “lost” because the tax causes an inefficiently small amount of
the good to be produced; firms stop short of the point where marginal cost
gross of the tax equals marginal benefit.

———- o ———-

P.I.E. and the Four Slices

In Saloner, Shepard, and Podolny, Strategic Management, (Wiley, 2005), the
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basic concepts that Michael Porter covers with his Five Forces are translated
into P.I.E. and the Four Slices. Recall that the question Porter posed and
to which he proposed The Five Forces as where to look for answers: How
profitable (generally) are firms in a given industry? P.I.E. and the Four Slices is,
essentially, a two-step refinement of Porter’s answer.

P.I.E., or the Potential Industry Earnings, is the answer to the question How
much value (measured in dollar terms) is the industry able to produce for society,
assuming it operates efficiently? The picture of P.I.E. is Figure S15.8.

industry price

industry output

Industry Demand Function
(where price is the argument 
and output is the value)

Marginal Opportunity Cost

Figure S15.8. P.I.E.

The termmarginal opportunity cost is new, but itmeans, essentially, howmuch
it costs society to produce (on the margin) each unit of the good. And with
this, you should have no problem (following Chapter 15) in understanding
why the shaded area in this figure bears this interpretation, albeit subject
to the caveats we mentioned in the chapter about what consumer surplus
reallymeans: The shaded area is, of course, the total surplus that themarket
can generate.

The Four Slices are then advanced as the answer to a second question: Given
that P.I.E. is the value for society created by this industry, at least potentially, how
much of that value is captured (in the form of profits) by firms in the industry?
The four slices are supplier power, customer power, entry-barrier costs, and
losses due to rivalry issues:

• Supplier power, roughly, tells you how much above the marginal op-
portunity cost to society suppliers to the industry can extract from the
industry. This is, more or less, identical to the same concept in Porter.

• Customer power tells you how much of the consumer (or customer)
surplus the customers of the industry can extract. Again, pretty similare
to the same concept in Porter, but keep reading.

• Entry-barrier costs reflectwhatfirms in the industrymust giveup tokeep
entrants at bay. The parallels to Porter’s entry barriers are apparent.



S234 Chapter 15 Material

• Rivalry losses reflect what firms lose because they can’t collude and do
what is best for their collective selves.

This leaves Porter’s force substitutes and complements unaccounted for: But
the existence of substitute and complementary goods iswhat determines the
position of the Industry Demand Function. If, say, there were good substi-
tutes available, that would lower the level of demand to the industry at any
given price. And if there are cheap complementary goods, that raises in-
dustry demand at any given price. So Porter’s substitutes and complements
is one important factor that goes into the position of the industry demand
function, hence the size of the P.I.E.

That said, some comments are in order: P.I.E. is calculated based on the “no-
tion” that firmswithin the industry can extract all the consumer surplus they
create. It takes first-degree price discrimination to do that and, as discussed
in the text, first-degree price discrimination is, in most cases, pie-in-the-sky,
and not a reasonable aspiration for any industry, even a monopoly. P.I.E. as
defined by the picture in Figure S15.8 is indeed the answer to the question,
How much (dollar) value could this industry potentially produce for soci-
ety? But the name Potential Industry Earnings gives a generally misleading
idea of what is the industry’s potential.

Indeed, suppose the good in question is transferable, so the industry can at
best charge a single per-unit price. Suppose suppliers are weak, so the cost
of inputs run along the marginal opportunity cost function. (Suppose the
marginal opportunity cost function is flat, so we don’t need to worry about
firms in the industry paying more than the total social opportunity cost of
inputs.) Suppose there are no prospects of entry. And suppose the firms in
the industry, by hook or by crook, have effectively cartelized, setting their
prices at the one price the industry would charge were it a monopoly. Then
(a) the amount produced will be less than the socially efficient level, and (b)
consumerswill extract their consumer surplus above the “monopoly” price.
From the perspective of P.I.E. and the Four Slices, this “loss” of P.I.E., is the
result of customer power, namely the ability of customers to transfer the
good once purchased, which forces linear prices on the industry rather than
perfect price discrimination. Whatever Porter meant by customer power, I
doubt he meant this.

———- o ———-

Proving the Efficiency of Competitive Markets

The text proves that a competitive market equilibriummaximizes total sur-
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plus under fairly restrictive assumptions: Firms have rising marginal costs
and no fixed costs, and consumers have utility functions of the form u(x)+m
for a concave u .

Proofs thatworkwithout theseassumptions—that is,withsomewhatweaker
assumptions—are possible. I provide here a style of proof that is a good deal
more general although a bit abstract.

Assume F firms produce the good in question, indexed by f = 1, . . . , F .
Each firm is characterized by a total cost function TCf (zf ) , where for this
discussion, I use zf to denote the amount of the good produced by firm f .
I make no assumptions about these total cost functions.

Further assume I consumers can consume the good, indexed by i = 1, . . . I .
I cannot get away from assuming the consumers have linear-in-money-left-
over utility functions of the form vi(xi) +mi , where xi is the amount of the
good consumed by consumer i . (It is possible to deal with more general
utility functions; see the following section.) I make no assumptions about
the vi functions.

I aim to prove the following: Suppose the economy is run by some mech-
anism: the market, a central planner, something. In the end, some total
amount X of the good is produced. To produce X units of the good re-
quires that the firms produce amounts zf that sum to X . And the X units
of the good must be split among the comsumers. Letting xi be the share of
consumer i , we need that

X

i

xi = X =
X

f

zf .

Monetary transfers also are required: I let ti be the amount of money con-
sumer i gives up to get his xi units, and I’ll let sf be the amount of money
firm f takes in. These monetary transfers must balance:

X

i

ti =
X

f

sf .

Under this sort of arrangement, consumer i ’s net benefit,measured in dollar
terms, is vi(xi) � ti , while firm f ’s net benefit, also measured in dollars, is
sf � TCf (zf ) . Hence, the total benefit of such an arrangement is

X

i

[vi(xi)� ti] +
X

f

[sf � TCf (zf )].
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But, since the dollar transfers balance, this is

X

i

vi(xi)�
X

f

TCf (zf ). (S15.1)

I assert that a competitive market equilibrium allocation for this good max-
imizes the expression S15.1, over all arrangements for production and con-
sumption of the good.

By a competitive market equilibrium, I mean levels of demand and supply
that arise from supply equals demand: There is a price p for the good,
consumption levels x⇤i for the consumers, and production levels z⇤f for the
firms, where for each i , x⇤i maximizes the consumer’s net utility vi(xi)�pxi

at the price p , for each f , z⇤f maximizes the firm’s profit pzf � TCf (zf ) at
the price p , and supply equals demand, or

P
i x⇤i =

P
f z⇤f .

I prove this as follows. Let x̂i and ẑf be some other plan for consump-
tion and production of the good that satisfies feasibility:

P
i x̂i =

P
f ẑf .

Note that there is no reason to suppose that this sum is the same as
P

i x⇤i ;
this alternative plan could involve some other total amount produced and
consumed. We know that, for each consumer i ,

vi(x⇤i )� px⇤i � vi(x̂i)� px̂i,

since x⇤i is net utility maximizing at the price p for consumer i . And we
know that, for each firm f ,

pz⇤f � TCf (z⇤f ) � pẑf � TCf (ẑf ),

since z⇤f maximizes the profit of firm f at price p . So, if we sum all these
inequalities, for all consumers i and all firms f , we get

X

i

[vi(x⇤i )�px⇤i ]+
X

f

[pz⇤f�TCf (z⇤f )] �
X

i

[vi(x̂i)�px̂i]+
X

f

[pẑf�TCf (ẑf )].

But, since
P

i x⇤i =
P

f z⇤f , all the “money” termson the left-hand side sum to
a net 0. And, since

P
i x̂i =

P
f ẑf , all the “money” terms on the right-hand

side sum to a net 0. Therefore, the inequality just written simplifies to

X

i

vi(x⇤i )�
X

f

TCf (z⇤f ) �
X

i

vi(x̂i)�
X

f

TCf (ẑf ).
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The market-equilibrium plan does at least as well as the alternative. But
this is true of any alternative, so themarket-equilibriumplanmaximizes the
sum of the net benefits.

———- o ———-

Competitive Markets Are Production Efficient: or
Allocating Production Among Cost-Independent Facilities

In the text, after proving (with some restrictive assumptions) that a competi-
tivemarket equilibriummaximizes total surplus, this result was broken into
three parts:

1. A competitive market equilibrium selects the right total quantity X to
be produced and consumed.

2. A competitive market equilibrium arranges to have the total quantity X
produced in a manner that minimizes the summed costs of the firms; it
is production efficient.

3. A competitive market equilibrium arranges to have the total quantity X
consumed in a manner that maximizes the total surplus generated from
consumption; it is consumption efficient.

Themanner of proof used in the preceding section is useful for proving these
pieces separately. Let me illustrate with the second of these, production
efficiency.

Thequestion is the following: Suppose that, as commissar for theproduction
of this good, you decide to produce X units in total. Your job as commissar
for the production of the good is then to allocate this level of production
among the F firms that can produce the good. You wish to do this to
minimize the total cost of production. How do you do this?

If you have been reading all the supplementary material presented in this
OnlineAppendix, youmayrecognize thatwediscussed (essentially) thisprob-
lemat the endof thematerial forChapter 11. There, insteadof youhaving the
role of commissar with F different firms, you were in charge of production
allocation in a single firm, with some number, say F , cost-independent pro-
duction facilities/processes. The commissar’s job is to allocate production
across the firms so that total production equals X and cost is minimized;
back in the material for Chapter 11, the problem was to allocate production
of X units in total to minimize cost. The political titles are different; the
problem is the same.
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In thematerial for Chapter 11, we assumed that the independent production
facilities had no fixed costs and rising (or, at least, not-falling) marginal
cost. Here I remove these assumptions and, even without them, I assert the
following:

Let sf (p) be the competitive-market supply function of firm f ; that is, sf (p) is
the solution to the problem of maximizing pz � TCf (z) for a fixed price p . Let
S(p) be the industry supply function, or S(p) =

P
f sf (p) . If the quantity X

lies along the industry supply function (that is, if X = S(p) for some price p),
then the solution to the problem of procuring X units of the good as cheaply as
possible is solved by having each firm produce its part of that supply; that is,
have firm f produce sf (p) for the price p for which X = S(p) .

The proof is easy. Let ẑf be some other production plan for firm f , such
that

P
f ẑf = X . Because each firm f maximizes its profit at the price p by

producing sf (p) , we know that

psf (p)� TCf (sf (p)) � pẑf � TCf (ẑf ).

Sum this inequality over all the firms, and you get

X

f

[psf (p)� TCf (sf (p))] �
X

f

[pẑf � TCf (ẑf )].

This inequality can be rewritten

p

✓X

f

sf (p)
◆
�

X

f

TCf (sf (p)) � p

✓X

f

ẑf

◆
�

X

f

TCf (ẑf ).

The first terms on each side of inequality are both pX , since X =
P

f sf (p) =P
f ẑf . They cancel out. Multiply the inequality by �1, which flips the

inequality sign, and you have precisely the inequality needed to verify the
claim:

X

f

TCf (sf (p)) 
X

f

TCf (ẑf ).
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If X does not lie along the supply curve—which can happen if, for in-
stance, supply jumps discontinuously at some price p , 1 then things get a bit
more complicated. But barring this unhappy possibility, it is clear what you
as commissar—or as manager of cost-independent production facilities—
should do. You should work out how much each firm/facility would pro-
duce tomaximizeprofit at everyprice level p , taking thatprice level as given,
form the horizontal sum of these firm/facility “supply functions,” and then
see where this horizontal sum “hits” the desired quantity X . (In the mate-
rial for Chapter 11, I closed with a cryptic remark about horizontal sums of
marginal-cost functions. You now have everything you need to unravel any
mystery that remark may have caused.)

———- o ———-

A Different Approach to the Invisible Hand: General Equilibrium

The method used in the previous two sections is also useful in proving that
competitive markets are efficient in general. I italicized the s in markets
because this subsection does something quite different from what we have
done so far. So far, we have looked at a single market in isolation. In this
section, I show what is known as a general equilibrium approach to market
efficiency, where we consider all markets in the economy at once. Warning:
This is going to take a lot of setting up, and it becomes very abstract. It has
nothing to do with anything that follows in the book. So read this section
only for the sheer pleasure of it, and if you find what follows pleasing, you
might wish to reconsider your career goals and think about getting a Ph.D.
in Economics.

The math that follows is not hard. But you must be comfortable with vector
notation. Specifically, youmustknowthat if p and x are two N -dimensional
vectors, their “dot product,” written p · x , is p1x1 + p2x2 + . . . + pNxN .

Rather than talk about the market in one product or another, we talk about
1 Individual supply, hence the sum of individual supplies, can only move “upward”: Sup-
pose p and p0 are two prices with p > p0 , and suppose x is profit maximizing for the
firm at price p and x0 is profit maximizing at p0 . Then px � TC(x) � px0 � TC(x0) and
p0x0 � TC(x0) � p0x � TC(x) . Add these two inequalities and, if you do a bit of algebra, you
will discover that (p � p0)(x � x0) � 0 . (If you’ve read this far, I might as well point out:
This is true even if the price and output variables are vectors.) So if p > p0 , it must be that
x � x0 . Now, x could equal x0 : The rise in output price could result in no increase in supply.
And, for a given price p , there could be more than one profit-maximizing output response;
we see this in the text when there is a fixed cost: supply is either zero or efficient scale (and
nothing between) when price is minimumAC. The “math” at work in these ideas is extremely
general, but you’ll need to consult a doctoral level text—as always, my suggestion is Kreps,
Microeconomic Foundations I—to see just how general.
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the entire economy, all at once. In this economy, many products are made;
let N be the number of products, and a vector x = (x1, . . . , xN ) is a bundle
giving quantities of each of these products. The economy is composed of a
large number H of consumers, indexed by h = 1, . . . ,H , and a large number
F of firms, indexed by f = 1, . . . , F .

• Each consumer begins lifewith an initial endowment of goods and a util-
ity function as in Chapter 10. Because this is general equilibrium,money
left over is not an argument of anyone’s utility function; we assume that
all the consumer’s purchases are being considered simultaneously. The
symbol h might seem funny for consumer, but the tradition in this part
of economics is to refer to households instead of consumers.

• Each firm is characterized by a technology for turning inputs into out-
puts.

Money in this model is used purely as an accounting device. It has no resid-
ual value to anyone except that it represents purchasing power. Firms are
ownedbyconsumers; if afirmearnsapositiveprofit, thatprofit isdistributed
to its owners in proportion their shareholdings and, once distributed, is used
to purchase consumption goods.

We let xh (h here is a superscript and not a power) denote the final con-
sumption bundle chosen by consumer h . The production plan of firm f
is denoted by zf , where negative components of zf represent inputs and
positive components denote outputs. The initial endowment of consumer
h is denoted by eh . (All these are N -dimensional vectors.)

An allocation for this economy is a set of consumption bundles for all the
households and production plans for all the firms. The allocation is feasible
if each firm’s production plan is technologically feasible for it and if the sum
of goods consumed is less than the sum of initial endowments plus amounts
produced (net of inputs to the production process), or

HX

n=1

xh 
HX

h=1

eh +
FX

f=1

zf .

The test of efficiency in this setting is not the maximization of total surplus
but instead what economists call Pareto efficiency. A feasible allocation for
this economy is Pareto efficient if there is no other feasible allocation such
that, when it comes to consumption, every consumer gets as much utility in
the alternative as in the original allocation and some single consumer gets
more utility. In other words, we cannot improve the utility of any consumer
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without making someone else worse off. (Firm profits are not part of the
measure of efficiency because profits are distributed to consumers; they are
valuable only to the extent that consumers use them to improve their utility.
We do not sum up consumer utilities because utilities are not measured on
an equivalent “dollar-equals-utility” scale; utility functions are not of the
money-left-over form.)

A market equilibrium for this economy is a feasible allocation (consump-
tion and production plans) and a vector of nonnegative prices p for all the
commodities such that (1) each firm is maximizing its profit at the prices p
with its part of the allocation, and (2) each consumer is maximizing his or
her utility, given prices p and given his or her resources, derived from the
endowment the consumer starts with and profits paid out by the firms.

So far, no assumptions have beenmade about each firm’s technology or each
consumer’s utility function. It is assumed that consumers maximize their
utilities and that firms maximize profits. In addition, three other assump-
tions are made:

1. All consumers are locally insatiable. This is economic fancy talk for the
property that each consumer, at each possible consumption bundle, can
increase his or her utility if given a little more money to spend. If one
of the goods always raises utility, that is more than adequate for this
assumption. This assumption guarantees that a utility-maximizing con-
sumer always spends all of his or her money. Since a consumer’s wealth
consists of his or her endowment and profits received from firms, this
in turn ensures that, in a market equilibrium, with prices p , consump-
tion levels xh , and firms’ production plans zf , themarket value of all the
consumptionbundles equals themarket value of consumer endowments
plus the sum of firms’ profits, or

X

h

p · xh =
X

h

p · eh +
X

f

p · zf .

2. Allmarketsare competitiveor, inotherwords, all firmsandall consumers
are price takers.

3. Equilibriumprices are alwaysnonnegative. This canbe assumeddirectly
ormore primitive assumptions can bemade that imply this. Examples of
suchmore primitive assumptions are that at least one consumer has non-
decreasing utility or at least one firm’s technology permits free disposal
of any commodity.
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The big result, which is so important to economists that it is knownas the first
theorem of welfare economics, is that the allocation part of amarket equilibrium
is efficient. (This is the invisible hand at work, in a general equilibrium. In
case you are comparing this with a more advanced textbook, you should
know that general equilibria are often referred to asWalrasian equilibria.)

It is remarkably easy to prove this result. Suppose prices p , consumption
bundles xh for h = 1, . . . ,H , and production plans zf for f = 1, . . . , F
constitute a market equilibrium. If the allocation part is not efficient, some
other feasible allocation, given by consumption bundles x̂h and production
plans ẑf , gives each consumer at least as much utility as the equilibrium
allocation and gives one consumer more. Now, for the plan (x̂h, ẑf ) to be
feasible, we must have

X

h

x̂h 
X

h

eh +
X

f

ẑf .

Since prices are nonnegative, we canmultiply each side of this inequality by
prices and keep the inequality, or

X

h

p · x̂h 
X

h

p · eh +
X

f

p · ẑf .

Firm by firm, since zf maximizes profits at the prices p , p · zf � p · ẑf .
Therefore,

X

f

p · ẑf 
X

f

p · zf .

Andconsumerbyconsumer, p·x̂h � p·xh . This is truebecause xh maximizes
the consumer’s utility subject to his (or her) budget constraint at the prices
p . But x̂h gives the consumer asmuch utility as xh . If x̂h givesmuch utility
and is cheaper than xh , then (by local insatiability) the consumer could do
better than xh at prices p . Moreover, for any consumer (and there is at least
one) for whom x̂h has higher utility than xh , it must be that p · xh < p · x̂h .
Hence, summing over all consumers,

X

h

p · xh <
X

h

p · x̂h.
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Now combine the three inequalities displayed in this paragraph:

X

h

p · xh <
X

h

p · x̂h 
X

h

p · eh +
X

f

p · ẑf 
X

h

p · eh +
X

f

p · zf .

But, two paragraphs ago, we argued that the first and last terms in this
progression must be equal. We have a contradiction to the assumption that
the allocation part of a market equilibrium is not Pareto efficient.


