
Review Problems V
The problems to follow provide you with the opportunity to review material covered
in Part V of the book. Solutions to these problems are provided after all the problem
statements.

V.1 Joe MBA is an expected-utility maximizer whose utility function is
u(x) =

p
x , where x is his after-gamblingbankaccountbalance. Hecurrently

has $80,000 in the bank.

(a) If Joe is offered his choice of one (and only one) of the gambles depicted
in Figure V.1, and a third choice of not gambling at all, what will he do?
(The gambles are denominated in terms of his net winnings/loses. So if he
chooses gambleA, his final bank account balance is either $80,000 + $170,000
= $250,000 or it is $80,000 � $40,000 = $40,000. Also, he is not allowed to
“share-out” this risk; he bears all the risk himself.)

(0.5)

(0.5)

$170,000

$-40,000 $-40,000

$280,000
(0.3)

(0.7)

Gamble A Gamble B

Figure V.1. Problem V.1. Two gambles

(b) Suppose Joe is offered a fourth option: He can have both gambles (but he
must decide right now whether he wants them both, only one, or neither).
The gambles are statistically independent. What is his choice?

(c) JillMBAhas $90,000 in thebankand is an expected-utilitymaximizerwith
utility function u(x) = �e�0.00001x. If she has a choice between not gambling,
GambleAalone, GambleB alone, or bothgambles,whichwould she choose?

(d)What is themost that Jill would pay for GambleA?Assuming Joe has the
option to buy Gamble A (and cannot have Gamble B for any consideration),
what is themost he would pay for Gamble A?Why is the question about Joe
so much harder than the same question about Jill?

V.2 Ford Frick owns the rights to a gamble that is unfavorable: It may
generate $20,000 in income for him, but this happens with probability 0.2;
with probability 0.8, Frick will lose $10,000. Frick’s utility function for this
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gamble is

u(z) =
p

z + 10,000 ,

where z is his winnings from the gamble (that is, z = either $20,000 or
�$10,000.)

(a) What is Frick’s expected utility for this gamble? What is his certainty
equivalent?

(b) Francesca Frack has utility function

v(z) = 100 + 3
p

z + 10,000

for gambles with prizes in the range from $100,000 gained to $10,000 lost.
Note that for every level of prize, Frack’s utility function is greater than
Frick’s. Does this mean that Frack is less risk averse than Frick?

(c) Frick is thinking of “selling” this gamble to Frack. Since it is unfavorable,
thismeans thatFrickwill giveFracksomeamountofmoney, if Frackassumes
the gamble in its entirety. What is the least amount of money Frick could
give Frack and still have Frack be willing to assume the gamble, if Frack’s
alternative is no payment and no gamble? (If you cannot provide a number,
at least give an equation that, when solved, would provide the answer.)

(d) Rather than give Frack the entire gamble, Frick has decided to investigate
giving her half the gamble and keeping half for himself. Of course, he must
compensate her up front for taking on half the gamble. What is the range of
up-front payment Frick can give Frack so that (1) she will assume 50% of the
gamble for this payment and (2) he would rather make this payment and
be left with 50% of the gamble than be left with 100% of the gamble? (Give
either numbers or one or more equations, the solutions to which answer the
question.)

V.3 Jo MBA, a second-year student who is a risk averse expected utility
maximizer, is in the fortunate position of owning a can’t-lose gamble: With
probability 0.9 she will win $10,000 and with probability 0.1 she will win
$50,000. Her certainty equivalent for this gamble is $13,000. Recalling a
course she took in her first year of studies based on this book, she thinks
about“securitizing”thisgamble: breaking it into100equal sharesandselling
some or all of those shares to her fellow students, all of whom just happen
to be exactly as risk averse as she. But a friend tells her not to bother, saying,
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“Becauseyou can’t losewith this gamble—youwinmoneynomatterwhat—
there can be no gain from breaking the gamble into pieces.” Is Jo’s friend
correct, or should Jo’s friend go back and review, because this just is not so?

V.4 The Wizzywig Manufacturing Company (WMC) signed a govern-
ment contract to provide theU.S.Armywith 10,000 two-handledgrudonzas.
There are two possible production processes, each of which is either high
cost or low. The probability that either is high cost is 0.5, and these are
independent events; that is, the probability that both are high cost is 0.25.
The choice between the two production processes will be made by Will B.
Donne, the production manager at WMC. Donne can, at the cost of some
personal exertion, discover beforehandwhether either or both processes are
low cost. But unless motivated to do so, he would not; instead he would
choose one of the two at random. Specifically, Donne’s utility function on
the job depends on the wages he is paid W and whether he exerts himself
to discover whether either or both processes are low cost: The function is

p
W � disutility of investigating,

where the disutility of investigating is 0 if he does not try to find out, and 20
if he does. (He either investigates both processes or neither; he cannot check
just one.) Donne will work for WMC as long as his expected (net) utility is
100 or more.

Donne is risk averse, and WMC is risk neutral. WMC to this point has
been payingMr. Donne a fixed salary of $10,000. Top management at WMC
knows, however, that if they pay him a fixed salary, he has no incentive to
investigate. Accordingly, WMC is determined to pay him a fixed base salary
S and a bonus B , which he gets if the technology he chooses is low cost.

(a) If S = $6400 and B =$13,200, would Donne have adequate incentive to
carry out the investigation.

(b) What combination of S and B provides Donne sufficient motivation to
investigate which technology is low cost, provides him enough expected
utility so he stays on the job, and minimizes the expected wages that WMC
must pay him? (This part of the problem involves techniques covered in the
Companion for Chapter 21 but not in the text itself.)

V.5 You are in the market for a very particular boat, a Spinnaker 72. You
found the owner of such a boat who claims to be willing to consider a sale.
This is a very rare occurrence—these boats rarely come to market—and you
figure that if you do not buy this boat, you will probably never get one.
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Spinnaker 72’s were manufactured by Spence Enterprises in the late 1960s
and by Baron’s Knockoffs in the early 1970s. To make the problem interest-
ing, we assume it is impossible to tell whether a particular boat was man-
ufactured by Spence Enterprises or Baron’s Knockoffs. To you, the buyer,
however, this is very important: The boats originallymade by Spence Enter-
prises were made by hand in Portugal and are much more reliable than the
machine-manufactured boats made later by Baron’s Knockoffs in KeyWest.
Sellers of these boats knowwhich sort of boat they have, an original Spence
or a Baron Knockoff, and those who own a Baron Knockoff are much more
eager to sell: Specifically, the owner of the boat you might buy will sell her
boat only if offered at least $75,000 if it is a Spence original, while she will be
willing to sell her boat for $50,000 if it is a BaronKnockoff. A Spence original
isworth $85,000 to you, while a BaronKnockoff isworth only $60,000. Equal
numbers of Spence originals and Baron Knockoffs were manufactured, so
any single Spinnaker 72, absent other information, is equally likely to be one
or the other.

The owner of the Spinnaker 72 you might purchase maintains that her boat
really is a Spence-built original. This individual, though, is very oppor-
tunisitic; she would say exactly the same thing if her boat were a Baron
Knockoff.

Throughout the problem, assume you are risk neutral concerning any ran-
domness that you face.

(a) Without any further information, what is the most you should be willing
to pay for this boat?

(b) Because of the difficulties of buying and selling these boats, you and the
potential seller have decided to obtain the services of a boat-sales mediator.
This individual will propose a “deal” to the two of you, and you either
consummate this deal or walk away with no deal.

Spence originals are virtually maintenance free, so a warranty offered by
the seller of a Spence original costs the seller nothing and is worth nothing
to the buyer. But Baron Knockoffs require constant expensive maintenance;
the cost to the seller of a Baron Knockoff of a warranty is $3000 per month
of the warranty, which must be netted against the sales price, and is worth
$2000 per month to the buyer over and above the value of the boat itself.

Suppose the boat-sales mediator proposes the following deal. You pay the
seller of the boat $80,000 for her boat if she offers itwith a 10monthwarranty,
and you will pay her $55,000 for her boat if she insists on selling it with no
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warranty. The seller indicates that she will go ahead with this deal, but she
has not indicated whether she plans to offer the warranty. From your point
of view, does it make sense to go ahead with this deal? Why?

(c) Suppose that instead of the deal suggested in part b, the boat-sale medi-
ator proposes that the seller provide a six-month warranty and you should
purchase the boat for $80,000. The seller has indicated that she is willing to
go ahead with this deal. Should you go along with this proposal? Why or
why not?

(d) Suppose that the boat-sale mediator is willing to propose only deals that
take the form of the deal in part c: a single sales price and a single duration
of warranty. Suppose further that this boat-sale mediator is in cohoots with
you and will try to structure the deal that gives you the largest expected
(mean) level of benefit as possible. What deal should he propose? (If you
can do this part of this problem, you are in full control of the material it
covers!)

V.6 Imagine a savings and loan bank, newly formed, that holds $210million
dollars in cash. Of this cash, $200 million was generated from 12-month
certificates of deposit (CDs), which pay a 5% per year rate of interest. The
remaining $10 million comes from the initial capitalization of the bank; that
is, it is the equity holder’s equity.

These $210 million can be invested in one of two ways. One course, more
risky, would leave the bank with $300 million in assets in a year’s time with
probability 1

2 , and it would leave the bank with $100 million in assets with
probability 1

2 . The second course would leave the bank with either $220
million or $240 million in assets, each with probability 1

2 . (Note that the the
EMVof the first investment is $200million,while the second is $230million.)

The decision of which investment to make is made by the CEO of the bank,
who is also the sole equity holder. He plans to liquidate the bank after
this year, and he will choose whichever investment gives him the highest
expected return on his equity. His ending equity is determined as follows:
If the assets of the bank in a year exceed $210 million, the CDs are paid off
($200million in face value plus $10million in accrued interest) andwhatever
remains is the CEO’s. If the assets of the bank fall below $210million but are
above $200million, the bank is declared bankrupt: Depositors are paid their
pro-rata shares of the assets and the CEO is left with nothing. If the assets
of the bank are $200 million or less, the bank is bankrupt and the CEO is
left with nothing. Depositors get back the face value of their CDs (a total of
$200million), with any short-fall from the $200million needed to pay off the
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depositors provided by the FSLIC (the Federal Savings and Loan Insurance
Corporation). (The FSLIC guarantees the face value of CDs but not interest
payments. If the bank goes bankrupt, depositors may lose some or all of the
interest they expected.)

Provide the following: the investment choice of the CEO, the expected value
of his equity at the end of the year for this investment choice, the expected
value of paybacks to depositors from their $200 million in initial deposits,
and the expected amount to be paid out by the FSLIC.

V.7 (a) Imagine you have just turned in an exam for a course that uses this
book as a text, and your instructor hands you and all your classmates a sheet
of paper that reads:

You have two options for a grade in this course. If you do nothing, you
will be graded on the basis of your exam performance. But if you sign
this sheet of paper and hand it to your instructor, your course (letter)
grade will be based instead on the average (mean) of the exam scores
received by all students who sign and turn in this sheet of paper. That is,
if five students sign and turn in this piece of paper, and their exam scores
are 100, 90, 80, 80, and 70, then all five of these students will be graded
on the basis of having scored (100 + 90 + 80 + 80 + 70)/5 = 84. You must
decide in the next 5 minutes whether to accept this generous offer.

This offer is completely unexpected. What are the most salient considera-
tions about whether you should take up this offer?

(b) Suppose this offer were made to all students in this supposed course one
week before the exam, with the stipulation that the decisionwhether to take
up the offer had to be made prior to the start of the exam. How does this
change (from an unexpected offer after the exam is over, to an offer made a
week before the exam that must be taken up prior to the exam) affect your
considerations?

(c) Suppose this offer were made to all students after the exam has been
graded and grades have been distributed to students, together with the full
distribution of grades received. How does this affect your considerations?

In 1997, in a course based on a draft of this book, I put this problem as the
final problem on the final exam and then added:

(d) Not graded. Not for real. Just for the amusement and information of the
instructors. Suppose the option outlined in part a were open to you, to
be decided at this moment (that is, before you turn in the exam, but
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(presumably) fairly far into it). Would you take this option? We reiterate
that the information you provide in answer to this part of the question in no way
will affect your grade.

How do you think the 1997 students responded?

V.8 Problem 20.2 concerned the provision of catastrophic summer income
insurance for the studentsof FECBUS, in a contextwhee the issuewashidden
information (adverse selection). Problem 21.1 looked at the same “story,”
but where the issue was hidden action (moral hazard). Here, to conclude, is
a problem that combines both issues in a single problem. Good Luck!

All the students at FECBUS, the Famous East Coast Business School, try to
get summer jobs at NewYork investment banks. If a student lands a job, the
income derived is $90,000. If the student does not land a job, the student (on
grounds of pride) refuses to take any other employment, giving net wages
of $0.

Students at FECBUS, by their efforts, can affect the odds with which they
land a job. Specifically, students at FECBUS can either try hard to get a job or
just go through the motions. Of the FECBUS students, 90% are smooth operators
who have probability 0.5 of landing a summer job even if they go through
the motions, but these students can improve that probability to 0.9 if they
try hard to get a job. Ten percent of the FECBUS students are less smooth; if
they go through the motions, they have probability 0.4 of getting a summer
job, while if they try hard, this probability rises to 0.7.

FECBUS students decide on whether to try hard or go through the motions
based on the expected utility of their wages and the disutility they incur by
trying hard. Specifically, each has the utility function

psummer wages� disutility of effort,

where the disutility of effort is 0 if he or she goes through the motions and
it is 40 if he or she tries hard.

(a) Take one of the studentswho is a smoothoperator; that is, this student has
a 0.5 probability of landing a summer job if she goes through the motions,
and a 0.9 probability of landing a summer job if she tries hard. What is
her expected utility (net of the disutility of effort) if she tries hard? What
is her expected utility (net of the disutility of effort) if she goes through the
motions? What would she do?
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(b) Take any student who is not so smooth; that is, this student has a 0.4
probability of landing a summer job if he goes through themotions and a 0.7
probability if he tries hard. Would he try hard or go through the motions?

(c) Suppose an insurance company, Beantown Casualty, offers catastrophic
summer income insurance: This insurance has a premium of $17,000 and
pays back $90,000 if the student fails to land a summer job. Suppose that
the insurance company can discriminate between smooth operators and
students who are not so smooth, and it is able to offer this insurance only
to smooth operators. Will the insurance company make or lose money on
each policy of this sort that it writes (for smooth operators, only)? (Evaluate
policies by premium less expected payout.)

(d) What insurance policy, offered only to smooth operators, maximizes the
expected profits made by the insurance company?

(e) Suppose the insurance company cannot distinguish between smooth op-
erators and students who are not so smooth. Any policy that the company
offers must be offered to all the students. Imagine that the company offers
two policies to the students: The first has a payback (if the student does
not get a job) of $90,000 and a premium of $44,000; while the second has a
premiumof $10,600 and a payback of $38,000. Studentsmayhave one policy
or the other (or none), but they are not allowed to “overinsure” by buying
both. How much money (in terms of its premium income less expected
payouts) does the insurance companymake or lose by offering this menu of
choices? For simplicity, assume there are 1000 FECBUS first-year students,
900 smooth operators and 100 students who are not so smooth.

(f) You are put on the FECBUS Exploitation Team of Beantown Casualty,
with the mandate to come up with the best scheme for making (expected)
profits out of the 1000 FECBUS students. You are unable to tell a student’s
type, and any offer you make to one student, you must make to all. How
well can you do in terms of expected profits?

Solution to Problem V.1

(a) Joe’s expected utility if he takes Gamble A only is (0.5)
p
250,000 +

(0.5)
p
40,000 = 350. His expected utility if he takes Gamble B alone is

(0.3)
p
360,000 + (0.7)

p
40,000 = 320. His expected utility if he takes nei-

ther is
p
80,000 = 282.843. So of the three options, taking Gamble A is best,

taking Gamble B is second best, and taking neither is worst. Although you
were not asked to provide this, we can compute the certainty equivalents
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for each option. The units I will use are his final bank account balance: For
Gamble A, the certainty equivalent bank account balance is 3502 =$122,500.
ForGambleB, it is 3202 = $102,400, and (of course) for nogamble is it $80,000.

(b) If he takes both gambles, and assuming independence, the net additions
to his bank account balance are $450,000 with probability 0.15, $130,000
with probability 0.35, $240,000 with probability 0.15, and �$80, 000 with
probability 0.35. So his expected utility is

(0.15)
p
450,000 + 80,000 + (0.35)

p
130,000 + 80,000

+ (0.15)
p
240,000 + 80,000 + (0.35)

p
-80,000 + 80,000 = 354.445.

This is a certainty-equivalent ending bank balance of $125,630.98, and so of
the four options, this is best. But please note: Gamble A alone improves
his CE final bank balance by $42,500, and Gamble B alone improves it by
$22,400. But, even though they are independent, Gamble A plus Gamble B
improve it by $45,630.98, much less than the sum of the two improvements.

(c) Jill’s utility function is of the constant-risk-aversion type, and you either
need a good calculator or Excel or something similar to do the required
calculations. Here is what you should get for certainty-equivalent final
bank account balances: For not gambling, $90,000 (of course); for Gamble
A alone, $107,762.77; for Gamble B alone, $83,935.63; and for both together,
$101,698.39. So Jill’s best option is Gamble A alone. It is worth noting that,
in terms of net adds/subtracts to her bank account balance, Gamble A adds
$17,762.77, Gamble B subtracts $6,064.37, and the two together add $11,698.39,
which is $17,762.77 less $6,064.37 (where the one cent difference is due to
round off). For this sort of utility function, the impact of separate and inde-
pendent gambles in terms of CEs is additive (which is why answering part d
for Jill will be easy).

(d) For Jill, Gamble A, if free, adds $17,762.77 in certainty equivalent to her
bank account balance. So the most she will pay for Gamble A is $17,762.77.
For Joe, it isn’t so easy, as he doesn’t have a constant-risk-aversion utility
function: You need to find the number X that solves the equation

0.5
p
80,000 + 170,000�X + 0.5

p
80,000� 40,000�X =

p
80,000.

This cannot be solved analytically, so I used Excel to find the answer nu-
merically: I got X = $30,546.875 (which, remarkably, is the exact solution
according to Excel).
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Solution to Problem V.2

(a) Frick holds a gamble that pays $20,000with probability 0.2 and �$10,000
withprobability0.8. Thefirstoutcomehasutility

p
20,000 + 10,000 = [173.205],

while the second has utility
p
�10,000 + 10,000 = [0]. So the gamble has an

expected utility of

0.2⇥ [173.23] + 0.8⇥ [0] = [34.64].

The certainty equivalent is the value that solves

p
10,000 + CE = 34.64,

which is (approximately) CE = �$8800.

(b) No, this does not mean that Frack is less risk averse than Frick. In fact,
because Frack’s utility function is a positive affine transformation of Frick’s
(fancy talk for, take Frick’s, multiply by a positive number (3) and add a
constant (100) and you have Frack’s), they hold identical attitudes toward
risk.

In parts c and d, I use the (equivalent) utility function
p

z + 10,000 for Frack
as well as Frick, just to keep the notation in bounds.

(c) If Frack does not participate in the gamble, her utility is
p
10,000 + 0 for

sure, or [100]. If Frick pays her P for taking on the gamble, she has an
expected utility of

0.2
p
30,000 + P + 0.8

p
P.

So she would accept the payment to assume the gamble, as long as

0.2
p
30,000 + P + 0.8

p
P � [100],

and the least amount of money P that would induce her to do this is the
value of P for which

0.2
p
30,000 + P + 0.8

p
P = [100].

You cannot solve for P algebraically, but P can be found numerically; the
answer is (approximately) P = $6015.
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(d) Frackwould take on half the gamble in return for a payment of P only if

0.2
p
20,000 + P + 0.8

p
5000 + P � [100],

which gives P � $2636.4. And Frick would be willing to pay P to get rid
of half his risk, as long as

0.2
p
20,000� P + 0.8

p
5000� P � [34.64],

which is P  $4776.40.

Solution to Problem V.3

Jo’s friend needs to go back and review; this just isn’t so. If you break the
gamble into, say, 100 pieces, each piece is a gamble with a 0.9 chance at $100
and a 0.1 chance at $500. The risk is not very great, and with an expected
value of $140, my guess is that most folks would be willing to pay at least
$135 for a share. Then, 100 shares could be sold for $13,500 or more, which
exceeds Jo’s CE if she holds the entire gamble.

Solution to Problem V.4

(a) Mr. Donne lacks adequate incentive to investigate for those values of S
and B :

• If he doesn’t investigate, he gets $19,600 (utility [140]) with probability
0.5, and $6400 (utility [80]) with probability 0.5, for an expected utility of
[110].

• If he does investigate, he gets $19,600 (utility [140]) with probability 0.75,
and $6400 (utility [80]) with probability 0.25, for an expected utility of
[125], less [20] for exerting the effort, or a net [105].

The key here is to note that even if he does not investigate but picks a tech-
nology at random, he has a 50% chance of being right by luck, while if he
does investigate, he improves this to only 75%, since there is probability 25%
that neither technology is low cost.

(b) To get Mr. Donne to take the job at all, we need that

0.75
p

S +B + 0.25
p

S � 20 � 100.
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And to get him to investigate instead of picking without investigating, we
need

0.75
p

S +B + 0.25
p

S � 20 � 0.5
p

S +B + 0.5
p

S.

To do this as cheaply as possible, we need equalities in both places. Turn the
two inequalities into equations and solve. You should find that

B = $16,000 and S = $3600,

where you may want to increase B a bit, to make the two equations into
inequalities that slightly favor the actions you want.

Solution to Problem V.5

(a) At prices above $75,000, you are as likely to get a Spence as a Baron, so
the value to you would be

0.5⇥ $85,000 + 0.5⇥ $60,000 = $72,500,

and so you are unwilling to pay any price over $75,000. At prices below
$75,000, only Barons are for sale, worth $60,000. So the most you should be
willing to pay for a boat (with no further information) is $60,000.

(b)Yes, this deal doesmake sense for you, because if the seller owns a Spence,
the warranty costs her nothing, so of course she would offer to sell the boat
for $80,000. If she owns a Baron, the 10-monthwarranty costs her $30,000, so
$55,000 without the warranty is a better deal than $80,000 with a 10-month
warranty. Therefore, you are paying $80,000 for a Spence (if that is the offer)
and $55,000 for a Baron, both of which are acceptable prices for what you
are getting.

(c) No, this deal makes no sense for you. We already know that a Spence
owner would sell to you on these terms. A Baron owner would net $80,000
less six times $3000 = $62,000 if she takes this deal, above her reservation
price of $50,000. So she would say yes. Therefore, this boat is equally likely
to be a Spence or a Baron,worth either $85,000 or $60,000plus six times $2000
= $72,000, respectively, for an average value of $78,500, below the $80,000
price.

(d) Let P be the price (in thousands of dollars) and N be the length of the
warranty. Four sorts of ”deals” could be offered: (1) a deal acceptable to
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Spence owners but not to Baron owners; (2) a deal that is acceptable only
to Baron owners; (3) a deal acceptable to both; or (4) a deal acceptable to
neither. The last type gives you no boat, hence no surplus. We can ignore
this.

For type 1, we need that P � 75 but P � 3N < 50. This gives you the
expected surplus 0.5⇥ (85�P ) + 0.5⇥0, since there is a 50% chance you get
no boat. Maximizing your expected surplus subject to the two constraints
gives P = $75,000 and N anythingbigger than8.333, for anexpectedsurplus
of $5000.

For type 2, we need that P < 75 but P � 3N � 50. Your expected surplus
is 0.5⇥ 0 + 0.5⇥ (60 + 2N � P ) = 30 +N � P/2. To increase N by 1 month
requires an increase of P by $3000, which decreases your expected surplus,
so the best deal of this sort is P = $50,000, N = 0, and your expected surplus
equals $5000.

For type 3, we need that P � 75 and P � 3N � 50. Your expected surplus
is

0.5⇥ (85� P ) + 0.5⇥ (60 + 2N � P ) = 72.5� P +N.

Increasing N takes a $3000 increase in P as long as P is above $75,000,
which is not worth it. So the best deal of this sort involves P = $75,000 and
N = 8.333, giving you an expected surplus of $5833.33. This is the best deal
and the answer to part d.

(Please note that while $5833.33 is the best you can do with a single price–
warranty package, you can do better with packages that involve two price–
warranty pairs, one intended for Spence owners and the other for Baron
owners.)

Solution to Problem V.6

(This problem is relatively easy, if you take it a step at a time.)

With the more risky investment, if the outcome is $300 million, the owner
takes out $90 million, depositers get $210 million, and the FSLIC pays out
nothing. If the outcome is $100 million, the owner gets $0, depositors get
$200 million, and the FSLIC pays out $100 million. Since the two outcomes
are equally likely, the owner’s expected value is $45 million, the depositors
get $205 million (expected value), and the expected payout by the FSLIC is
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$50 million. (Note these add up to $200M, as they should, since this is the
overall expected value.)

In the less risky investment, if the outcome is $240 million, the owner takes
out $30million, depositors get $210million, and the FSLICpays out nothing.
If the outcome is $220 million, the owner takes out $10 million, depositors
get $210 million, and the FSLIC pays out nothing. So the owner has an
expected value of $20 million, depositors get $210 million for sure, and the
FSLIC pays out nothing.

Of course, since the owner controls the investment decision, he takes the
more risky course of action, to the detriment of depositors and the FSLIC.

(Are the owner’s and depositor’s interests always opposed? No. Suppose
the more risky course of action had the outcomes as indicated, and the safer
course of action gave $204 million for sure. Then, the owner and the depos-
itors both prefer the risky course of action, while the FSLIC prefers the safer
course of action.)

Solution to Problem V.7

(a) The basic two considerationsare these: Howwell can students guess how
they have done on the exam, and how risk averse are they against getting a
low grade vs. getting a high grade.

Suppose no student knows how well he or she has done. Suppose each
would accept a middling grade, rather than running the chance of getting
a low grade for the chance of a high grade. Then, everyone would sign
up for the option. In fact, if no student knows how well he or she has
done, and if tastes for the different grades are not correlated with exam
performance, students who would rather accept the middling grade than
the gamble would sign up, since the students who sign up would be a
representative sample of the class as a whole.

Suppose, at the other extreme, each student can guess exactly what grade
he or she is about to receive. Students expecting the highest possible grade
will opt out of the deal—why average in and have the chance of some lesser
grade,whenyouhave the highest possible grade in the bag? Then thosewho
know they have a second-tier grade will opt out, since they cannot improve
their grade by averaging in. The third-tier grades opt out next, and so on,
leaving only the folks who expect to fail the course in the pool (and since
they get nothing for being in the pool, they may as well opt out, as well).
This is an extreme example of adverse selection, like people opting out of
the self-insurance pool for earthquake insurance region by region, starting
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with the least earthquake prone, until we get to the most.

Of course, neitherof these extremeconditionspertains. On leaving the exam,
most people have a fairly good idea, but not a perfect idea, how they fared.
You have to imagine that thosewho opt into the poolwill be thosewho think
they did relatively poorly, and those who are very adverse to the chances
of a relatively poor grade. Therefore, the pool is an adverse selection of the
class in terms of scores.

(b) This adds a layer ofmoral hazard. If you signup for the pool, youwill not
affect your grade much at all by studying. Hence, you probably will spend
all your time studying for some other exam. Therefore, the performance
of those in the pool will tend to be low. That would not be a problem as
long as enough folks are in the pool that the pool gets a passing grade. But,
assuming grades are assigned on a relative and not absolute basis, since
the people in the pool would not study, by staying out and studying even
somewhat, you have a better shot at a relatively good grade. Countervailing
this is that you probably have less sense, in advance, of how well you will
do, which ought to incline you to pool and be safe. (Another countervailing
force is peer pressure to join the pool.) My guess is that, at some schools
where peer pressure to act “cooperatively” is strong, only people at the top
end of the distribution would opt out. But at schools where the culture is
more competitive, a lot more people would opt out.

(c) This is like the case from part a where people know precisely how well
they did. No one would join the pool (at least, based on own-score consid-
erations alone; there might be substantial peer pressure for folks to join).

About the last, ungraded part of the question, around 40% of the students
checked the ”Iwould take this option”box, representinganadverse selection
(average score a standard deviation or so below the mean) of the class as a
whole, but not a uniformly adverse selection. (That is, some people who
did quite well joined, and some who did poorly did not. Of course, for
those who did poorly and did not join, we have the explanation that they
did not understand the ideas behind this analysis, and they confirmed their
confusion by opting out when they ”ought” to be in.)

Solution to Problem V.8
If you could do this problem start to finish, you are doing very well.

(a) If a smooth operator goes through the motions, she has expected utility

0.5⇥
p
90,000 + 0.5⇥

p
0 = 150.



C376 Review Problems V

If she tries hard, she nets an expected utility (net of the disutility of effort) of

0.9⇥
p
90,000 + 0.1⇥

p
0 � 40 = 230.

So she would try hard.

(b) If a not-so-smooth student goes through the motions, he has an expected
utility of

0.4⇥
p
90,000 + 0.7⇥

p
0 = 120.

If he tries hard, he nets an expected utility (net of the disutility of effort) of

0.7⇥
p
90,000 + 0.3⇥

p
0 � 40 = 170.

So he would try hard.

(c) If a smooth operator takes this full-insurance policy, she has income
$73,000 for sure. She will go through the motions (no incentive to try hard),
netting expectedutility

p
73,000 = 270.185. Since the best she candowithout

insurance is an expected utility of 230, she buys this insurance. But since she
loafs, the expected payout per policy is 0.5⇥ 90,000 = $45,000, far in excess
of the premium income of $17,000. So the insurance company would lose
money—$28,000 on average—on each policy.

(d) This question is very similar to the salesperson compensation problem,
Problem 21.2. I work it out by hand, rather than relying on Excel and Solver.

To answer this question, we look at two subproblems. First, what is the best
policy for the insurance company to offer, if it is going to induce the smooth
operators to go through themotions? This takes no incentive contract, so the
firm might as well go for efficient risk sharing, which means full insurance.
Thequestion is, then, howhighapremiumcan it charge? Without insurance,
the smooth operators have utility 230, which is equivalent to an income of
$52,900, or a maximum premium of $37,100. Since the expected payout on
this policy (the student goes through the motions) is $45,000, this is a loser;
the company would rather offer no insurance.

In thesecondsubproblem,we look for thebestpolicy that induces thestudent
to try hard. Let X be the student’s total income if she gets a job, and let
x =

p
X . Let Y be the student’s total income if she does not get a job, and

let y =
p

Y . Then the constraints to be satisfied are

0.9x + 0.1y � 40 � 0.5x + 0.5y,
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or she prefers to try hard instead of going through the motions, and

0.9x + 0.1y � 40 � 230,

or she takes the insurance. As usual in these simple models, the solution is
where the two inequalities are equations (load as little risk as possible on the
student but still induce her to try hard and leave her just indifferent between
buying insurance or not), so we have to solve

0.9x + 0.1y � 40 = 0.5x + 0.5y or 0.4x = 0.4y + 40 or x = y + 100,
and 0.9x + 0.1y � 40 = 230 or 0.9x + 0.1y = 270.

Substituting y + 100 for x in the second equation, we get

y + 90 = 270 or y = 180,

hence x = 280. Therefore,

X = x2 = 78,400 and Y = y2 = 32,400.

Since X = $90,000 � P, where P is the premium, this gives a premium of
$11,600, and since Y = Z �P , where Z is the payback, we see that the pay-
back on the policy (if the student fails to land a job) is $44,000. The insurance
company pays back an expected 0.1 ⇥ 44,000 = $4,400 per policy. Netting
this against the premium incomeof $11,600 gives a per policy expectedprofit
of $7200. That is the answer.

(e) To answer this part of the question (and for part f), I created the spread-
sheetdepicted inFigureV.2. Termsof two insurancepoliciescanbeentered—
premium charged and payback received if no job—and the expected utilities
of each type of student, for each of the two effort levels, are computed. So,
for instance, the entry in cell C6 (smooth student tries under the terms of
policy 1) is

=(0.9)*(90000-C3)ˆ 0.5 + (0.1)*(C4-C3)ˆ 0.5 � 40.

The maximum for each student type over the six possibilities (2 actions x [2
policies + no insurance]) is found, and indicator variables for the optimal
choice are recorded in rows 12 through 16. Profits for the action ⇥ policy
are computed, and the grand total profit is then computed. What you see is
that, for the two policies of part e, the smooth operators will choose policy
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Figure V.2. A spreadsheet for Problem IV.8.

1 and try hard, while the not smooth students will take policy 2 and not try,
for a net profit of $5.12 million for the insurance company.

(Test your understanding: Why are the expected utilities for the two types
(smooth and not smooth) the same if they try and the same if they loaf?)

(f) We basically have two choices for how to proceed if we are trying to find
the overall best policy or menu of policies. We can just hunt around or we
can try to use Solver.

Letmewarn you that this is a fairly hard problem, because there are somany
possibilities to run down. I give the complete story, but I move quickly.

Let me try a little hunting, first. My first idea was to take the policy that is
optimal for the smooth operators and suffer whatever happens if that policy
is taken by the not so smooth. The “logic” here is that there are so many
more smooth students, I might as well tailor the insurance contract I offer to
them. To do this, I put in the premium and payback from part d into policy
1 in the spreadsheet; and for policy 2, I put in a premium and payback of
$90,000, so no one chooses this. I had to play a bit with the payback and
premium, since the spreadsheet does not handle the exact ties in utility very
well. The results are shown in Figure V.3. Profit falls to $5 million, so this is
not the answer.

In the pair of policies in Figure V.2, the firm sustains a fairly sizeable loss on
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Figure IV.2. One policy, optimized for the smooth students but offered to both

the not so smooth. Maybe I should try a contract tuned tomaximizingprofits
out of them, then see how that contract does on the smooth operators. This
means redoing part d for the not so smooth. I will save you themath and tell
you that the answer is a premium of $27,500 for a payback of $41,111. But,
because the smooth operators choose not to insure on these terms, profits
are terrible.

So I next tried to find figures for a single policy where both groups would
insure and both would try hard. It took some hunting, but I finally found
numbers that worked: If you make the payback $30,000 and the premium
$9000, both insure and both try hard, and the total profit is $5.4 million. See
Figure V.4 (and note that this policy just breaks even on the not so smooth).

At this point, I will be systematic. There are nine possible configurations:

1. All students buy insurance, and all students try hard.

2. All students buy insurance, and all students go through the motions.

3. All students buy. Smooth students try, not so smooth do not.

4. All students buy. Smooth students do not try, not so smooth do.

5. Only the smooth buy, and they try hard.

6. Only the smooth buy, and they do not try.
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Figure V.4. One policy, both types try

7. Only the not so smooth buy, and they try hard.

8. Only the not so smooth buy, and they do not try.

9. No one buys insurance.

Wecandealwithmost of thesepossibilitiesquickly. If noonebuys insurance,
the insurance company makes no profit. We know already it can do better
than that.

In scenario8,wemight aswell offer thenot so smooth full insurance. There is
nomotivational issue here, so go for ideal risk sharing. The biggest premium
thenot so smoothwouldpay for full insurance is $90,000�$28,900 = $61,100,
since this leaves them with $28,900 for sure, for utility

p
28,900 = 170. The

not so smooth would not buy insurance on these terms, and the average
payout per contract is 0.6 ⇥ 90,000 = $54,000, for a net per policy of $7100,
or $710,000 in total. Not close to the $5.4 million we already saw is possible.

As for scenario 7, we already answered the question, What is the best policy
to offer the not so smooth to get them to try. It is a policy with a premium of
$27,500 and a payback of $41,111. This is best without the added constraint
that the smooth studentswould not take it, and still they do not, so itmust be
the best contract to offer that meets the conditions of scenario 7. It generates
only $1.5 million and change in profit—not the answer.
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Scenarios 2, 4, and 6 can’t be optimal. (I am sure, in fact, that 6 is infeasible
and I suspect 4 is as well, but I can dispose of those cases in any case, as
follows.) All these scenarios have the smooth folks not trying. The best you
could possibly do with a smooth student who does not try is the profit you
get if you offer full insurance and take all the student’s surplus away with
a high premium. But the most you can charge a smooth student for full
insurance is $37,100. If the student does not try, the payout on this policy
is 0.5 ⇥ 90,000 = $45,000. So, at best, you lose $7900 per smooth student.
(Please note, selling this person less than full insurance, as long as he or she
buys and goes through the motions, is only going to increase your losses
per student.) For 900 students, this means losses of at least $7.11 million.
Can you make it back on the not so smooth? Fat chance. Scenarios 7 and 8
together establish that the most money that can ever be made from the not
so smooth is around $1.5 million.

Scenario 5 is essentially infeasible. By essentially infeasible I mean the only
way it can come about is if the insurance company offers a $0 premium, $0
payback policy. The argument is not that hard: Let X be the net income
of a smooth student who lands a job, and Y the net income of one who
does not. For the smooth student to take the contract and try hard, we
need that 0.9

p
X + 0.1

p
Y � 40 � 230, or 0.9

p
X + 0.1

p
Y � 270. Multiply

this inequality by 7
9 , and you get 0.7

p
X + 0.0777

p
Y � 210, or 0.7

p
X +

0.0777
p

Y � 40 � 170. But, if the not so smooth are to turn this contract
down, it has to be that 0.7

p
X +0.3

p
Y � 40  170, and since

p
Y � 0, these

two inequalities imply that Y = 0. Then X = $90,000 must hold. This is the
$0 premium, $0 payback policy, which generates no profit. This is not the
answer.

This leaves us with scenarios 1 and 3 to investigate. Given the hunting
around (groping might be a better term) we did above, my money is on 1.
But we can settle this fairly easily with Solver.

Let me take you through the analysis of possibility 1: All students buy
insurance and try hard. I have four decision variables x , y , z , and w ,
defined as follows:

• Let X be the net amount left to smooth operators if they get a job, so that
X = 90,000� P1 , where P1 is their premium. And, let x =

p
X.

• Let Y be the smooth operators’ net if they fail to land a job, so that
Y = B1 � P1 , where B1 is the amount they get back. And, let y =

p
Y .

• Let Z be the net amount left to the not so smooth if they get a job, so that
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Z = 90,000� P2 , where P2 is their premium. And, let z =
p

Z.

• Let W be the not-so-smooth students’ net if they fail to land a job, so that
Y = B2 � P2 , where B2 is the amount they get back. And, let w =

p
W .

Youmightworry that I assumetherewill bedifferent contracts for the smooth
and not so smooth. But I do not assume that. If Solver wants to set x = z
and y = w (same contract for both groups), that is fine with me.

Now, to formulatemyobjective function, fromeach of the 900 smooth opera-
tors, I net P1�0.1B1 = 90,000�X�0.1(Y +90,000�X) = 81,000�0.9x2�0.1y2.
And, from each of the 100 not-so-smooth students, I net P2 � 0.3B2 =
90,000 � Z � 0.3(W + 90,000 � Z) = 63,000 � 0.7z2 � 0.3w2. So my over-
all objective is to maximize

900⇥ [81,000� 0.9x2 � 0.1y2] + 100⇥ [63,000� 0.7z2 � 0.3w2].

Next I have a bunch of constraints. The smooth should prefer contract 1
and trying hard to contract 1 and going through the motions, to contract
2 and trying hard, to contract 2 and going through the motions, and to no
insurance (and trying hard). This is four constraints:

0.9x + 0.1y � 40 � 0.5x + 0.5y,
0.9x + 0.1y � 40 � 0.9z + 0.1w � 40,
0.9x + 0.1y � 40 � 0.5z + 0.5w, and
0.9x + 0.1y � 40 � 230.

For the not so smooth, we get four similar constraints:

0.7z + 0.3w � 40 � 0.4z + 0.6w,
0.7z + 0.3w � 40 � 0.7x + 0.3y � 40,
0.7z + 0.3w � 40 � 0.4x + 0.6y, and
0.7z + 0.3w � 40 � 170.

Now is the time to use Solver. First I set up a new spreadsheet. You see the
spreadsheet with some starting values in Figure V.5. The basic variables are
in cells E5, E6, E8 and E9; these being x , y , z , and w . From these I calculate
the values of X , and so forth, in cells D5, and so on, then work out the size
of the premium and the payback amounts. The objective function is easy
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enough to write using the entries in column F. Then, in cells D14 to D17 I
compute a smooth student’s utility if he or she takes the contract intended
for smooth students and tries hard, takes the contract intended for smooths
and loafs, takes the contract intended for not-so-smooth students and tries
hard, and takes the contract intended for not so smooths and loafs. Finally,
I do these computations for a not-so-smooth student.

Figure V.5. Solving problem V.7: Spreadsheet setup

Then I call up Solver. We want to maximize the objective, F12, by changing
the basic variables, subject to the constraints just written: D14 has to be at
least as large as D15, D16, D17, and 230. And D19 has to be as large as D20,
D21, D22, and 170. Solver has no problemwith this and givesme the answer
in Figure V.6. I offer the same (single) contract to all the students, namely a
payback of $32,222 for a premiumof $9722, giving the company an expected
net profit of $5.8555 million.

Please note that this is the best contract in scenario 1, where we arrange
things to that both sorts of students choose to try hard. I still have scenario 3
to examine: Both groups buy insurance, but only the smooth try hard. This
takes rewriting the objective function and the constraints; I did what was
necessary and ran Solver. If you’ve gotten this far, you should be able to (a)
create the spreadsheet and (b) make the necessary changes, so I’ll leave that
for you, with the “hint” that, when I optimized in scenario 2, I got $5,319,339
as the best that the insurance company could do.

Do not overprocess this example and, especially, the technique used to solve
it. Real-life data do not come in anything like this form, so real-life problems
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Figure V.6. Problem V.7: Getting both to try

that mix moral hazard and adverse selection (or just hidden information)
are solved—to the extent that they are really solved at all—by very different
techniques. What I hope you take away from this numerical exercise is a
healthy respect for the difficulties of this sort of problem, where you are si-
multaneouslyworrying about the incentives you provide single individuals
and the screening that those incentives engenders among the population of
all individuals with whom you might contract.


